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ABSTRACT 

We derive conjectures for the N=2 “chiral” determinant formulae of the 
Topological algebra, the Antiperiodic NS algebra, and the Periodic R alge¬ 
bra, corresponding to incomplete Vernra modules built on chiral topological 
primaries, chiral and antichiral NS primaries, and Ramond ground states, 
respectively. Our method is based on the analysis of the singular vectors in 
chiral Vernra modules and their spectral flow symmetries, together with some 
computer exploration and some consistency checks. In addition, and as a 
consequence, we uncover the existence of subsingular vectors in these alge¬ 
bras, giving examples (subsingular vectors are non-highest-weight null vectors 
which are not descendants of any highest-weight singular vectors). 
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1 Introduction and Notation 


The N=2 Superconformal algebras provide the symmetries underlying the N=2 strings 
Dili In addition, the topological version of the algebra is realized in the world- 
sheet of the bosonic string 0, as well as in the world-sheet of the superstrings 0. Various 
aspects concerning singular vectors of the N=2 Superconformal algebras in chiral Verma 
modules have been studied in several papers during the last few years, most of them 
involving the Topological algebra. For example, in 0 and 0 it was shown that the 
uncharged BRST-invariant singular vectors, in the “mirror bosonic string” realization 
(KM) of the Topological algebra, are related to the Virasoro constraints on the KP r- 
f un otion. In [|| an isomorphism was uncovered between the uncharged BRST-invariant 
singular vectors and the singular vectors of the sl(2) Kac-Moody algebra. Some properties 
of the topological singular vectors in the DDK and KM realizations were analyzed in 
0. In the complete set of topological singular vectors at level 2 (four types) was 
written down, together with the spectral flow automorphism A which transforms all 
kinds of topological singular vectors into each other. In [|TT[ the family structure of the 
topological singular vectors was analyzed (not only in chiral Verma modules but also 
in complete Verma modules, where there are thirty-three different types of topological 
singular vectors). 


In all of those papers some explicit examples of singular vectors in chiral Verma 
modules were written down, ranging from level 1 until level 4. In addition, in [J|] a general 
formula was given for the spectrum of U(l) charges corresponding to the topological chiral 
Verma modules which contain uncharged BRST-invariant singular vectors. Although 
the formula fitted with the known data, a proof or derivation was lacking. Similarly, 
general formulae for the spectrum of conformal weights and/or U(l) charges for chiral 
Verma modules of the Antiperiodic NS algebra which contain singular vectors are absent, 
and the same is true for the Verma modules of the Periodic R algebra built on the 
Ramond ground states. These spectra, which cannot be obtained directly from the 
roots of the N=2 determinant formulae [|l^] |13| |14|, since these only apply to complete 
Verma modules without constraints, can be viewed rather as the roots of the “chiral” 
determinant formulae of the N=2 Superconformal algebras (the Ramond ground states 
are directly related to the chiral NS primary states via the spectral flows). 


In this paper we present conjectures for the N=2 “chiral” determinant formulae cor- 

*In addition that formula, eq. (3.1) in ref. ||, was presented not as a conjecture but as a straightfor¬ 
ward derivation from the determinant formula of the N=2 Antiperiodic NS algebra, in particular from 
the uncharged series in ref. ]l2[ |, which is not the case since the determinant formulae does not apply 
to incomplete Verma modules with constraints. The fact that the formula given in ref. || cannot be 
derived from the determinant formula in ref. ||l2f , as claimed by the author, is precisely what leads to 
the discovery of subsingular vectors, as we will see. 
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responding to the chiral Verrna modules of the Topological algebra, the chiral Verma 
modules of the Antiperiodic NS algebra, and the Verma modules of the Periodic R al¬ 
gebra built on the Ramond ground states. In the absence of rigorous proofs, we have 
checked our results from level 1/2 to level 4 and, in addition, we provide some consistency 
checks. 


We have proceeded in two steps. First we have derived conjectures for the roots 
of the N=2 chiral determinants, using some properties of the singular vectors in chiral 
Verma modules, together with the ansatz that the roots of the N=2 chiral determinants 
are contained in the set of roots of the N=2 determinants, and in the simplest possible 
way, in addition. Second, we have written down the N=2 chiral determinant formulae 
using the conjectures for the roots, some computer exploration, and the consistency 
checks. Our conjectures for the roots of the N=2 chiral determinants imply that there 
exist subsingular vectors, i. e. singular vectors in the chiral Verma modules which are not 
singular in the complete Verma modules, where they are non-highest weight null vectors 
not descendant of any singular vectors. To fully understand this issue one has to 
take into account that the chiral Verma modules are nothing but the quotient of complete 
Verma modules by submodules generated by singular vectors. 


This paper is organized as follows. In section 2 we first explain the family structure 
of the singular vectors of the Topological algebra built on chiral topological primaries. 
Then we derive the direct relation between these topological singular vectors and the 
singular vectors of the Antiperiodic NS algebra built on chiral primaries. This relation 
implies, using the family structure of the topological singular vectors, that the charged 
and uncharged NS singular vectors built on chiral primaries must come in pairs, although 
in different Verma modules related to each other by the spectral flow automorphism of 
the Topological algebra |L0 . 


We use this result in section 3 to derive conjectures for the spectrum of U(l) charges 
h (and conformal weights A) corresponding to the chiral Verma modules (NS and topo¬ 
logical) which contain singular vectors. These spectra are the roots of the N=2 chiral 
determinant formulae. To derive the conjectures we also make the ansatz that the roots 
of the N=2 chiral determinants coincide with the roots of the N=2 determinants (ie. for 
complete Verma modules) specialized to the values of (or relations between) the confor¬ 
mal weight A and U(l) charge h which occur in chiral Verma modules. Namely, A = 0 
for the case of the Topological algebra, and A = for the case of the Antiperiodic 
NS algebra (+ for chiral representations and — for antichiral representations). Actually 
we only need to work out the ansatz for one of the algebras since the ansatz for the 
other algebra follows automatically via the relations between the corresponding singular 
vectors. We have chosen the Antiperiodic NS algebra for this purpose. The fact that 
charged and uncharged singular vectors come in pairs then implies that half of the zeroes 
of the quadratic vanishing surface = 0, for every pair (r, s), correspond to uncharged 
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singular vectors at level y, and the other half correspond to charged singular vectors at 
level ' ( - s+ 2 2 ^ 1 (in addition to the zeroes of the vanishing plane = 0). This contrasts 
sharply with the spectra of singular vectors for complete Verma modules, for which all 
the zeroes of the quadratic vanishing surface f ^ s = 0 correspond to uncharged singular 
vectors at level y, and implies that the “new” charged singular vectors which appear in 
the chiral Verma modules are subsingular vectors. 

In section 4 we derive the analogous conjecture for the Periodic R algebra, that is 
the spectrum of U(l) charges h corresponding to the R Verma modules, built on the 
Ramond ground states (for which A = y-), which contain singular vectors. For this we 
only need to use the spectral flows, with the appropriate parameters which map singular 
vectors of the Antiperiodic NS algebra, built on chiral primaries, into singular vectors of 
the Periodic R algebra, built on the Ramond ground states. 

In section 5 we finally write down expressions for the N=2 chiral determinant formulae, 
using the conjectures for the roots together with some computer investigation and some 
consistency checks. Section 6 is devoted to conclusions and final remarks. 

Finally, in the Appendix we analyze thoroughly the NS singular vectors at levels 1 and 
|. We write down all the equations resulting from the highest weight conditions, showing 
that these equations, and therefore their solutions, are different when imposing or not 
chirality on the primary states on which the singular vectors are built. Namely, when the 
primary state is non-chiral all the solutions of the quadratic vanishing surface /{ 4 2 = 0 
correspond to level 1 uncharged singular vectors. When the primary state is chiral, 
however, half of the solutions of f^ 2 — 0 specialized to the cases A = correspond to 
level | charged singular vectors. We show that these charged singular vectors become 
non-highest weight null vectors, once the chirality on the primary state is switched off, 
which are not descendants of any h.w. singular vector, i.e. they are subsingular vectors. 

Notation 

Primary states denote non-singular highest weight (h.w.) vectors. 

Null vectors are zero-norm states (not necessarily h.w.). 

Singular vectors are h.w. null vectors, equivalently h.w. descendant states. 

Subsingular vectors are non-h.w. null vectors not descendants of any singular vectors, 
they become singular (i.e. h.w.) in the quotient of the Verma module by a submodule 
generated by singular vectors. 

The Antiperiodic NS algebra will be denoted as the NS algebra. The chiral and antichiral 
primary states and Verma modules will be denoted simply as chiral , unless otherwise 
indicated. 
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The Periodic R algebra will be denoted as the R algebra. 

The singular vectors of the Topological algebra will be denoted as topological singular 
vectors \xt)- 

The singular vectors of the NS algebra will be denoted as NS singular vectors |xjvs). 
The singular vectors of the R algebra will be denoted as R singular vectors |x.r)- 


2 Some Properties of Singular Vectors in Chiral Verma 
Modules 

2.1 Singular Vectors of the Topological Algebra in Chiral Verma 
Modules 


The Topological Algebra.— The algebra obtained by applying the topological twists 
Rj, [[Rj on the N=2 Superconformal algebra reads |17| 


[C m , Cn] 

= (m 77/)£ m _|_ n , 

[H m ., TL n ] = 

■^TYlSm+n, 0 

[C m , Gn\ 

(in n)Q m+n , 

[Tim, Gn\ = 

Qm-\-n i 

[C m , Qn] 

TlQm+n 5 

[H m , Qn] = 

Qm+n i 

[C m , Tin] 

n7Y m+n -I - g (rn 

T ni)5 m+n fi, 


{Gmi Qn} 

2 >C m+n 2 l Ti'hi rn -\- n g {rn -\- , 


where C m and TL m are the bosonic generators corresponding to the energy momentum 
tensor (Virasoro generators) and the topological U( 1) current respectively, while Q m 
and Q rn are the fermionic generators corresponding to the BRST current and the spin-2 
fermionic current respectively. The “topological central charge” c is the central charge 
of the untwisted N=2 Superconformal algebra. This algebra is topological because the 
Virasoro generators can be expressed as C m = \{Q m , Qo}, where Qo is the BRST charge. 
This implies, as is well known, that the correlators of fields do not depend on the metric. 


The Topological Twists.— The Topological algebra is satisfied by the two sets of topo¬ 
logical generators 


4 










( 2 . 2 ) 


and 


— L m + \{rn + 1 )H m , 

= H m , 

GW = G+ , Qd) = 1 

m +| ’ m ~h ’ 


£( 2 ) 

H {2) 

' v m 

gw 

27 m 


T —I 

2 

Hm. i 


G 


m+ 


I ) 


(m + l)H m , 




(2.3) 


corresponding to the two possible twistings of the superconformal generators L m , H m , G+ 
and G“. The topological twists, which we denote as T W1 and T W2 , are mirrored under 
the interchange H m —H m , G+ G~, as one can see. 


Chiral Topological Primaries.— Of special importance are the topological primary 
states annihilated by both Q 0 and Q 0 ; denoted as “chiral”. The anticommutator {Q 0 , Q 0 } = 
2£o shows that these states have zero conformal weight A, therefore their only quantum 
number is their U(l) charge h ('Hol'h) = h|<I>)). The secondary states built on chiral pri¬ 
maries have positive conformal weight A = / > 0, as a result, where l is the level of the 
state. This anticommutator also shows that any secondary state with conformal weight 
A^O can be decomposed into a Qo-closed state and a fyo-closed state, and also implies 
that a Qo-closed secondary state with A ^ 0 is Q 0 -exact as well (and similarly with Q 0 ). 
Therefore, the chiral primaries are physical states (BRST-closed but not BRST-exact), 
whereas the secondary states built on chiral primaries are not physical. 

Regarding the twists ( |2.2| ) and ( |2.3| ), a key observation is that (Gy 2 , GZ X / 2 ) results 
in Qf) 1 '*) an d (GT 2 ,G+ i/ 2 ) gives (gj) 2 \ Qo^)- This brings about two important con¬ 
sequences. First, the chiral topological primaries |$)d) and |$)d) correspond to the an- 
tichiral primaries (i.e. Gl 1 y 2 | < f>)d ) = 0) and to the chiral primaries (he. G^ 1 ^ 2 | < f ) )d ) = 0) 
of the NS algebra, respectively. Second, one of the highest weight (h.w.) conditions 
G±/ 2 \xns) — 0, of the NS algebra, read Go\xt) = 0 after the corresponding twistings. 
Therefore, any h.w. state (primary or secondary) of the NS algebra results in a topolog¬ 
ical state annihilated by Go, under the twistings. We will discuss in detail this issue in 
next subsection. 


Topological Secondaries.— A topological secondary, or descendant, state can also be 
labeled by its level / (the conformal weight for states built on chiral topological primaries), 
and its U(l) charge (h + q) (the H o-eigenvalue). It is convenient to split the total U(l) 
charge into two pieces: the U(l) charge h of the primary state on which the descendant 
is built, thus labeling the corresponding Verma module Vr( h), and the “relative” U(l) 
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charge q, corresponding to the operator acting on the primary state, given by the number 
of Q modes minus the number of Q modes in each term. We will denote the Q 0 _c l° se d 
and t/o-dosed topological secondary states as \xt)^ q and | Xt)^ G respectively (notice 
that ( q ) refers to the relative U(l) charge of the state). Usually we will also indicate the 
level / and/or the Verrna module h. 

Topological Singular Vectors on Chiral Primaries.— It turns out that the topological 
singular vectors built on chiral primaries come only in four type^/J ||11|| : Ixt) ( 0,g , 

|y T )d) G and |x T }( _1 )<2. These four types of singular vectors can be mapped into each 
other by using Q 0 , Q 0 and the spectral flow automorphism of the Topological algebra, 
denoted by A. The action of Q 0 and Q 0 results in singular vectors in the same Verma 
module (by definition): 


Qo\xt) 


(o )G 

l, h 


I Xt) 


(-! )Q 

l, h ’ 
MQ 


Qo\xt) 


(- 1 )Q 
l , h 

(0 )Q 


I Xt) 


(o )G 
l, h ’ 




GolXr)i,r ^ I Qo\xt)^ - |xt)H 


The level of the vectors does not change under the action of Q 0 and Qo, obviously. Since 
the Verma module does not change either, charged and uncharged topological singular 
vectors, with different BRST-invariance properties, come always in pairs in the same 
Verma module. Namely, singular vectors of the types Ixt/ 0 ^ and |xt/ 1 ' )G ' are together 
in the same Verma module at the same level, and a similar statement holds for the 
singular vectors of the types |xt) < '°' )G ' and | xt)^ 1 ^■ 


The spectral flow automorphism of the topological algebra, on the other hand, given 


by m 


A Cm A = 

Cm- 

ATim A = 

-T-Lm 

A Qm. A = 

Qm i 

A Qm. A = 

Qm , 


mTL r 


Cl 

3 ^ 771,0 ) 


(2.4) 


with A ~ 1 = A, changes the Verma module of the vectors as Vt( h) —> Vt(— h — |). In 
addition, A reverses the relative charge as well as the BRST-invariance properties of the 
vectors, leaving the level invariant. Therefore the action of A results in the following 
mappings m 


A\Xt) S°i G -*■ I XtYi/X -§ > A \Xt )[h 


(0)Q 




I v \(1 )G 


' A rigorous proof will be presented in a revised version of ref. pd| . 


(2.5) 
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Family Structure.— As a consequence of the mappings given by Go, Q 0 and A, the 
topological singular vectors built on chiral primaries come in families of four 0 


one 


of each kind at the same level. Two of them, one charged and one uncharged, belong 
to the Verma module Vr(h), whereas the other pair belong to a different Verma module 
Vt (—h — |), as the diagram shows. 


M G 


•A t 

\xrflU 


Qo 


A-i)Q 


Go 


I A 

. m \(i)G 
^ |XT),_ h c 


( 2 . 6 ) 


The arrows Qo and Go can be reversed using Go and Qo, respectively (up to a constant). 
For h = — | the two Verma modules related by the spectral flow automorphism coincide. 
Therefore, if there are singular vectors for this value of h (see in section 3), they must 
come four by four in the same Verma module: one of each kind at the same level. 


2.2 Untwisting the Topological Singular Vectors 


The relation between the Topological algebra and the NS algebra is given by the 
topological twists T W1 ( |2.2| ) and T w 2 (|2.3|). From the purely formal point of view, the 

0 


Topological algebra (|2.1|) is simply a rewriting of the NS algebra, given by 


T8, 20 


\Lmi L n ] 

[L m , G> ] 


\Lmi H n ] 

{G-.GU 


(iTL Tl)L rn j rn ~\~ ^{jYl TYl)8 rn j rTl {) , Hji\ 

{f-r)G± +r , [ H m ,G?\ 

^ l Ifn ■ n 

2L r+s (r s)H r _|_ s T g(r ^)(5 r _|_ S] o i 


^TTlSm+n ,0 j 

- J -'~ r m+r J 


(2.7) 


where the fermionic modes take half-integer values. The question naturally arises now 
whether or not the topological singular vectors are also a rewriting of the NS singular 
vectors. For the case of singular vectors built on chiral primaries the answer is that 
only the Go-closed topological singular vectors transform into NS singular vectors after 
the untwisting. Moreover, the resulting NS singular vectors are built on chiral primaries 
of the NS algebra when using the twist Tw 2 (|2.3| ), or on antichiral primaries when using 
the twist T W i (|2.2|) . On the other hand, the twisting of NS singular vectors always pro¬ 
duces topological singular vectors annihilated by Go- They are built on chiral topological 
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primaries provided the NS singular vectors are built on chiral or antichiral primaries; oth¬ 
erwise, the topological singular vectors would be built on topological £J 0 - C l° se d primaries 
which are not chiral. 

All these statements can be verified rather easily. One only needs to investigate how 
the highest weight (h.w.) conditions satisfied by the singular vectors get modified under 
the twistings or untwistings given by ( |2.2| ) and (j2.3| ). By inspecting these it is obvious 
that the bosonic h.w. conditions, i.e. L m> 0 \xNs) = Hm>o\XNs) = 0, on the one hand, 
and C. m >o\XT) = ^m>oL\r) = 0, on the other hand, are conserved under the twistings 
and untwistings. In other words, if the topological secondary state \xt) satisfies the 
topological bosonic h.w. conditions, then the corresponding untwisted secondary state 
\x.ns) satisfies the NS bosonic h.w. conditions and vice-versa. With the fermionic h.w. 
conditions things are not so straightforward. While the h.w. conditions Q m >o|vr) = 0 
are converted into h.w. conditions of the type G ± ^ 1 \xns) = 0 (G + or G~ depending 
on the specific twist), in both twists Go is transformed into one of the G^ 2 modes, as 
we pointed out in last section. But G±, 2 \xns) = 0 is nothing but a h.w. condition 
satisfied by all the NS singular vectors! As a result, the twisting of a NS singular vector 
always produces a topological singular vector annihilated by Go- In addition, the BRST- 
invariance condition Qol^*) = 0 on the chiral topological primaries is transformed into 
the antichirality (G'I 1 ^ 2 | < h) = 0) and the chirality (Gl 1//2 |$) = 0) conditions on the NS 
primary states, under TVi and TV 2 respectively. 

Now let us analyze the transformation of the (£ 0 ,7To) eigenvalues (l,q + h) of the 
ty 0 -cl°sed topological singular vectors | Xt)i° into (L 0 ,H 0 ) eigenvalues (A' + l',q' + W) of 
the NS singular vectors | Xns)^ ■ In other words, given a £J 0 - C l° se d topological singular 
vector in the chiral Verma module Vr(h), at level l and with relative charge g, let us 
determine the NS Verma module Vns(A' , h'), the level l 1 and the relative charge q' of 
the corresponding untwisted NS singular vector. Observe that A' denotes the conformal 
weight of the primary on which the NS singular vector is built (A = 0 for the chiral 
topological primaries as we discussed before). Using TVi ( |2A| ) the U(l) charge does not 
change, h' = h, whereas A ; = — h/2 = — h'/2 and the level gets modified as V = l — |g. 
Therefore the ^ 0 -closed topological singular vectors of the types | Xt)\°^ G and | Xt)^ G , in 
chiral topological Verma modules, are transformed under TVi into NS singular vectors 
of the types |xjvs)|°' >a and |xjvs);Ji in antichiral NS Verma modules, as indicated by the 
superscript a. Using TV 2 ( |2.3|) , on the other hand, the U(l) charge reverses its sign, 
h' = — h while A' = —h/2 = h'/2 and the level gets modified, again as V = l — \q. 
Therefore the ^-closed topological singular vectors of the types |yT)[°' >G and lyT)/ 1 ^, in 
chiral topological Verma modules, result under T W2 in NS singular vectors of the types 
\x.Ns)f }rh and Vvs). ( _ \ >,h in chiral NS Verma modules, as indicated by the superscript 
ch. Notice that the values of A', in terms of h, are the same under the two untwistings. 

An interesting result here is that the same charged t?cr c l° se d topological singular 
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/I \ f~1 

vector | xt)i ' , at level l, gives rise to both charge q = 1 and charge q — — 1 NS singular 
vectors at level l — built on antichiral primaries and chiral primaries respectively. 
Furthermore, since there are no other types of charged f/o-dosed topological singular 
vectors in chiral Vernra modules, we deduce that all the charged NS singular vectors built 
on chiral primaries have relative charge q = —1, whereas all the charged NS singular 
vectors built on antichiral primaries have relative charge q = 1. Moreover, the q = 1 
and q — — 1 singular vectors are mirrored under the interchange H m — H m (therefore 
h — h) and G+ G~. 

Finally, an important result is the fact that the charged and uncharged NS singular 

vectors |xws)|°' )a and |xjvs),^i, on the one hand, and \xNs)i°^ ch and |xjvs)Li^, on the 

1 2 . . . . 2 
other hand, must come in pairs, although in different Verma modules, since they are 

just the untwistings of the C/ 0 -closed topological singular vectors |yr)/°' )G and | Xt)i^ G , 
which come in pairs inside the four-member topological families described in the previ¬ 
ous subsection. Namely, from the diagram (|2.6| ) one deduces the one-to-one mapping 
\x T^h-c/s = QoAIxt^T between uncharged and charged C?o-closed topological singu¬ 
lar vectors in the chiral topological Verma modules Vy(h) and Vr {—h — c/3) respectively. 
Untwisting this mapping using Twi (|2.2|) and Tw 2 ( P-3|) one obtains the one-to-one map¬ 
pings 


_ h _ £ - G^ /2 Ai Ixjvs)^ 0 , \XNs)\_Tb + c - G l/2 A-i |xivs)) U _!h 


, (°)a 


(-l)c/l _ — 


(0 )ch 


( 2 , 8 ) 


between uncharged and charged NS singular vectors in the antichiral NS Verma modules 
V^ s (h) and V ^ s {—h — c/3), on the left-hand side, and in the chiral NS Verma modules 
V&(—h) and V#k(h + c/3), on the right-hand side. A\ and A -1 denote the untwisted 
spectral flow Aq [^2|, which will be given in eq. (|4.2|), for the values 6 = ±1. 


3 Spectrum of Topological and NS Singular Vectors 
in Chiral Verma Modules. Subsingular Vectors 


We have just shown that the spectrum of U(l) charges corresponding to the chiral 
Verma modules which contain topological and NS singular vectors is the same for the 
singular vectors of the types | Xt)^ 0 , and Xws)) 0 ^, on the one hand, and also the same 
for the singular vectors of the types \xt)^ G and Wvs)j^i\ on the other hand, where 
the superscript a indicates that the NS vectors are built on antichiral primaries. Let us 
introduce h® and h (1 ) such that the first spectrum consists of all possible values of h (,)) 
whereas the second spectrum consists of all possible values of h (1 \ these values being 
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connected to each other by the relation h 1 - 1 ) = —fd°) — The spectrum of U(l) charges 
for the case of NS Verrna modules built on chiral primaries, in turn, is the corresponding 
to (—fd°)), for singular vectors of the type | XNs)i°^ ch , and to (—hd 1 )), for singular vectors 
of the type 

In what follows we will derive a conjecture for the spectrum of possible values of 
h (0 ) and fd 1) . These values can be viewed as the roots of the chiral determinants for 
the Topological algebra, as well as the roots of the antichiral determinants for the NS 
algebra, whereas (—h^) and (—td 1 ') are the roots of the chiral determinants for the NS 
algebra. In the case that the values of h ( °) and/or I'd 1 ) predict singular vectors which do 
not exist in the complete Verma modules, i.e. only in the chiral Verrna modules, then 
one has encountered subsingular vectors. 

3.1 Spectrum of Singular Vectors 


Let us concentrate on the NS algebra for convenience. In principle we cannot compute 
the spectra h (1 ^ and h (0 \ corresponding to charged and uncharged NS singular vectors 
built on antichiral primaries, simply by imposing the relation A = in the spectra 
given by the roots of the determinant formula for the NS algebra |12|, |13|] , [[L4| . The 
reason is that the NS determinant formula does not apply to incomplete Verma modules 
constructed on chiral or antichiral primary states annihilated by G/V or G~ i (for which, 


as a result, A = ^ or A = —^ respectively, but not the other way around). Nevertheless 
let us start our analysis with the following ansatz. 


Ansatz.— The sets of roots of the chiral and antichiral NS determinants coincide with 
the sets of roots of the NS determinants for the particular cases A = ±^, respectively. 

Our strategy will be now to analyze the set of roots of the NS determinant formula 

L. 

for A = taking into account that, as we deduced in the last section, the charged 
and uncharged NS singular vectors built on chiral primaries come in pairs, with a precise 
relation between their corresponding Verma modules. Namely, for singular vectors in 
antichiral Verma modules, satisfying A = — h/2, the relation is h-') = —h (()) — |, while for 
singular vectors in chiral Verma modules, satisfying A = h/2, it is h (1) = — fd°) + I ( in 
this last expression hd 1 ) and hd 0 ' denote the true spectra for the chiral Verma modules, 
instead of (—h (1 ^) and (—hd 0 )) in our previous notation). 


The roots of the determinant formula for the NS algebra 
the solutions of the quadratic vanishing surface = 0, with 


[12| , |L3| , Jl4[] are given by 



c — 3 


A-h 2 


1 /c — 3 
4 V 3 



c — 3 


r + s 


re Z + , s e 2Z + (3.1) 
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and the solutions of the vanishing plane = 0, with 

at = 2A - 2H, + (^=4) (k 2 - i) k 6 Z + i (3.2) 

In the complete Verma modules the solutions to = 0 and = 0 correspond to 
uncharged and charged singular vectors, respectively. 

Let us concentrate on the antichiral case, for convenience. Solving for f^ s = 0, with 
A = — ~, one finds two two-parameter solutions for h (since f^ s = 0 becomes a quadratic 
equation for h). These solutions are 


hr,s 


and 




(3.3) 


hr. .9 


c — 3 


(r - 1) + s) . 


(3.4) 


Solving for = 0, with A = — ^, one finds the one-parameter solution 


hi, = 


6 


(k 


1, 

T 


(3.5) 


except for k = — | where g£ is identically zero (i.e. all the states G 1 j 2 1 A, h) with A = —^ 
are singular vectors). 

If our ansatz is correct, the set of roots of the antichiral NS determinant formula 

The 


should be equal as the set of roots given by the solutions (|3.3|) , ( [3.4|) and 
problem at hand is therefore to distribute all these solutions into two sets, say H and 
such that for any given solution fb°) in the set there exists one solution h (1) in 
the set i/ ( b, satisfying h (0) = — h (1) — |, and vice-versa. For this purpose it is helpful to 
write down the expressions corresponding to (—h r . iS — |), (—h rs — |) and (—h fc — |). 
These are given by 


and 


hr,s 


hr,s 


C 


3 

c 

3 


- h k - 


c 

3 



(hr) {r ~ 1]+ “ ~ 2 ) ■ 

{(nr) (r+1)+s+2 ) 



(3.6) 

(3.7) 


(3.8) 
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Comparing these expressions with the set of solutions h r s , h r;S and , given by 
O, o and ( p.5|) , one hnds straightforwardly 


hr,2 — 




h 


r,s>2 



C 

C-2) - 3 • 


(3.9) 


Therefore the simplest solution to the problem is that the spectrum corresponding to the 
uncharged singular vectors |xjvs)f^ a is given by hj°] = h r , s , eq. ( p.3|) , with the level 
of the state l = y as usual |L2], whereas the spectrum corresponding to the charged 
singular vectors | Xns)\-i/ 2 j level ^ is given by h/ 1 ] = — h rs — | , that is 

h S = -^((^) ( r + 1} + s) re Z + , s G 2Z + , (3.10) 


and 

h S = l(( i ^)(r- 1) + s- 2 ) reZ+, s 6 2Z + , (3.11) 

with h) 1 ] containing the two series h^ and h r , s . Namely, for s = 2 h^ 2 = h r _i, where 
l — \ = r — \ is the level of the charged singular vector, while for s > 2 h). 1 ] >2 = h r ,(s- 2 ), 
with the level given by l — | = • This implies the existence of charged subsingular 

vectors in the complete Verma modules with A = — h/2, h = h^ s>2 , since these Verma 
modules contain uncharged singular vectors rather than charged. The complete Verma 
modules with A = —h/2, h = h|. 2 , however, contain charged singular vectors like the 
antichiral Verma modules. 

We see therefore that for this solution half of the zeroes of the quadratic vanishing 
surface /// = 0, with A = —h/2, for every pair (r, s), correspond to uncharged singular 
vectors |xv.s)/' 0) ° at level l — y, and the other half correspond to charged singular 
vectors \xns)\-i/ 2 -> which are subsingular in the complete Verma modules, at level l— | = 

' ^ 6+ / )-1 . The zeroes of the vanishing plane g§ = 0, for A = —h/2, in turn, correspond 
to charged singular vectors | Xns)i^i /2 l eve l l — \ = k, with k > 0. 

Before searching for more intricate solutions let us have a look at the data for h (0) 

and hd) given by the singular vectors themselves. We have computed until level 3 all the 

topological singular vectors in chiral topological Verma modules and all the NS singular 

vectors in chiral and antichiral NS Verma modules. The explicit expressions for the 

topological singular vectors we have given recently in [|ll[ (some of those singular vectors 

were already published). The explicit expressions for the NS singular vectors will be given 

in |26|, although in the Appendix we also write down and analyze the NS singular vectors 

|Xivs)i 0 \ \Xns) { 'P an d |Vvs) 3 _1) hi chiral, antichiral and complete Verma modules. Here 
2 2 

we need only the values of h (0) and h (l j . These are the following: 
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For 

|xjvs)i° )a 

lxr>r 

and 

|Xt)i 

-i)Q 

h ( »> = 

For 

\Xns) i 1)a 
2 


and 

\xt)? Q 

hW = 0 

For 

IXiVs)^ 0 ^: 

, 

and 

\Xt) 2 

-i)Q 

u( 0 ) _ l=c 

M 2 5 

For 

Vvs)3 1)a 

2 

I-, \(1)G 
> \Xt)2 

and 


h(b = ^ x 
6 ’ 

For 

IXNs)^ : 

m \ (o)g 

> \XT/3 

and 

1 Xt ) 3 

-i)Q 

h ( 0 ) - 3— 2 c 

3 , 

For 

|Xivs)5 1)a 

2 

m \(1)G 

• 1 ; xt) 3 

and 

U/ 

\XT)3 

hW = ^,2 


(we remind that the topological singular vectors of types |xt)^ 1 ' )G and \xt)^® are to¬ 
gether in the same Verrna module, at the same level). In addition, the BRST-invariant 
uncharged topological singular vector at level 4, i.e. |xt) 4 ° )<3 , has been computed in || 
with the result h (1) = ^4, ^4, 3. These values also correspond to the singular vectors 

Wt)^ 0 and 7 ^ a , as we have deduced. 

2 


By comparing these results with the roots of the NS determinant formula for A = 
— h/2, given by expressions 0). 0 and (|3.5|) , we notice that the values we have 
found for lb°) fit exactly in the expression h r s (|3.3|), that is, the upper solution for the 
quadratic vanishing surface, but not in the lower solution h rs . The values we have found 
for lb 1 ) follow exactly the prediction of the spectral flow automorphism for each case, i.e. 
lb 1 ' = —lb 0 ) — ^ . Hence the actual spectrum of U(l) charges lb°) and lb 1 ), as far as we 
can tell, follows the pattern we have found under the ansatz that the set of roots of the 
antichiral NS determinant formula coincide with the set of roots of the NS determinant 


formula for A = — That is, h(°J = h r;S is given by (|3.10| ) and h). 1 ] = — h r s — | is given 


by Ofl. 


For the case of NS singular vectors in chiral Verrna modules one finds the same 
values for the U(l) charges as for the case of antichiral Verrna modules but with the sign 
reversed, as expected. Therefore the spectra of U(l) charges for the NS singular vectors 
of the types | XNs)i°^ ch and | Xns^Zi^ are given by (—h^. 0 ]) and (—h^ 1 ]) respectively. 

iThe spectrum h^J, eq. ( |3.1l| ), was written for the first time in ref. eq. (3.1), (with s £ Z + ) 
fitting the data obtained from the computation of the topological singular vectors of type 
referred simply as “the topological singular vectors”. However this spectrum was never related to 
charged singular vectors of the NS algebra, the author believed that it was related to uncharged NS 
singular vectors instead, and was given directly by the uncharged roots of the NS determinant formula 

h 

for the case A = — n. The fact that this spectrum corresponds to charged singular vectors in chiral NS 
Verrna modules is precisely the reason why it corresponds, for the values h(. 1 j >2 , to charged subsingular 
vectors in the complete Verrna modules. 
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Summary of Results.— Let us summarize our results for the spectra of U(l) charges 
and conformal weights corresponding to the Verma modules which contain the different 
kinds of singular vectors. Although these results have been checked only until level 4 
we conjecture that they hold at any level. We remind that h[°] is given by ( |3.10| ) and 
h S = -h$ - § is given by flOH ). 


1) The spectrum of U(l) charges corresponding to the chiral topological Verma mod¬ 
ules which contain singular vectors of the types |Xt)[°^ G and | Xt)i~^, 011 the one hand, 
and singular vectors of the types | Xt)^ G and |xt)|°^ , on the other hand, is given 
by h(°J , and hj 1 ] , respectively, with l = These are the only types of topological 
singular vectors which exist in chiral topological Verma modules. 


2) The spectra of U(l) charges and conformal weights corresponding to antichiral NS 
Verma modules which contain uncharged and charged NS singular vectors, |Xivs , )[°' )ci and 
\Xns)^i, are given by hg, = -|hW, and hg, A$ = -~hg, respectively, with 
l = y. These are the only types of NS singular vectors which exist in antichiral NS 
Verma modules. 


3) The spectra of U(l) charges and conformal weights corresponding to chiral NS 
Verma modules which contain uncharged and charged NS singular vectors, | XNs)i°^ ch 
and \ X Ns)lf\ are given by (-hg), A® = ±(-h/ 0 ]), and (-hg), Ag = |(-hW), 
respectively, with / = y. These are the only types of NS singular vectors which exist in 
chiral NS Verma modules. Therefore the spectrum of conformal weights is the same for 
chiral NS Verma modules as for antichiral NS Verma modules, although the spectrum of 
U(l) charges, as well as the relative charge of the singular vectors, is reversed in sign. 


3.2 Subsingular Vectors 


Subsingular vectors are singular vectors only in the quotient of complete Verma mod¬ 
ules by submodules generated by singular vectors. This is indeed the case at hand 
because chiral and antichiral NS Verma modules are nothing but the quotient of com¬ 
plete NS Verma modules by the singular vectors Gl 1 / 2 1 A, h), A = h/2, and Gl 1 y 2 |A, h), 
A = —h/2, respectively. Similarly, the chiral topological Verma modules are the quo¬ 
tient of complete topological Verma modules of types Vr(|0, h) Q ) and Vr(|0, h) G ), by the 
submodules generated by the singular vectors f/o|0, h) and Qo|0, h), respectively (in ref. 
0 there is a detailed description of the complete topological Verma modules and the 
spectra of conformal weights and U(l) charges corresponding to singular vectors). 

We have found the remarkable fact that (at least until level 4) half of the uncharged 
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NS singular vectors with levels l — y in the complete Verma modules with A = q=y 
(ED, or equivalently h = ±h^ s+2 x, eq. (|3 .1 1|) , have been replaced by 


h = ±h 


r,s? 


eq. 


charged NS singular vectors with levels l—\= ' ^‘ s+ ^~ 1 ? i n the antichiral and chiral Verma 
modules, respectively. These charged singular vectors are therefore charged subsingular 
vectors in the complete Verma modules. Since s e 2Z + , the complete Verma modules 
with A = which contain charged subsingular vectors are those with h = ±h^ s ; >2 
(in other words, the set of U(l) charges given by h|.'] >2 is equal to the set given by 
h rs , as we deduced in the previous subsection), whereas the complete Verma modules 
with h = ±h^ do not contain charged subsingular vectors, but charged singular vectors 
instead (which are singular both in the complete Verma modules and in the chiral Verma 
modules). 


In the case of the Topological algebra there is a much more symmetrical situation 
with respect to charged and uncharged singular and subsingular vectors. Namely, there 
are charged as well as uncharged subsingular vectors, and charged as well as uncharged 
singular vectors which vanish in the chiral Verma modules. One finds| that h = h|. 1 ] >2 
corresponds to charged and uncharged subsingular vectors of types | Xt)^° an d |xr)|°^, 
in the complete Verma modules Vr(|0,h) G ), whereas h = h^.°] >2 corresponds to charged 
and uncharged subsingular vectors of types | Xt)\°^ G and | Xt)\ ^ in the complete Verma 
modules Vr(|0, h) Q ). All of these topological subsingular vectors become singular in the 
chiral topological Verma modules Vr(|0, h) G,< ^). 

Under the untwistings T W i and T w2 only the ty 0 -closed topological h.w. states (pri¬ 
mary and singular vectors) remain h.w. states of the NS algebra. Therefore the complete 
topological Verma modules of type V(|0, h)®) are not transformed into NS Verma mod¬ 
ules, and the BRST-invariant uncharged topological singular vectors |vt)|°' )< 3 , hi the 
chiral topological Verma modules, are not transformed into singular vectors in the chiral 
or antichiral NS Verma modules. In this manner the symmetry between charged and 
uncharged topological subsingular vectors is broken under the untwistings, and one only 

h 

finds charged subsingular vectors in the NS algebra, for Verma modules with A = =)=-, 
h = Th^ >2 . 

In the Appendix we analyze the complete situation for the particular case of the un¬ 
charged singular vectors |x'Ars , )i°' ) and the charged singular vectors Ixns)^ and \xns) 3 _1 ^ 

2 . 2 

We write down the h.w. equations, with their solutions, for the primary states being non- 
chiral, chiral and antichiral. We show that the uncharged singular vectors |Xjvs)i°\ for 
A = =|=- , h = ±hi i2 = ±1 , or equivalently h = ±h, A = ±1 , vanish once we switch on 
antichirality and chirality on the primary states, respectively, whereas the charged subsin¬ 
gular vectors become the charged singular vectors Ixtvs)^ with h = 1, and | Xns)^ 1 ^ 

2 2 

§The subsingular vectors of the Topological algebra were not considered in the first version of this 
paper. Here we borrow our own results from ref. fll|j , where we have published all the topological 
subsingular vectors at levels 2 and 3 which become singular in chiral topological Verma modules. 
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with h = — 1. We also show that the subsingular vectors are non-highest weight null 
vectors, after we switch off antichirality and chirality respectively on the primary states, 
which are not descendant states of any singular vectors, as expected (they can descend 
down to a singular vector but not the other way around). 

A final remark is that subsingular vectors do not exist for Verma modules of the 
Virasoro algebra neither for Verma modules of the sl(2) algebra. The very existence of 
these objects for the N=2 Superconformal algebras has been so far unknown^], in spite of 
the fact that the issue has been investigated during the last few years |0. Observe that 
the subsingular vectors that we have found are those which become singular in chiral 
Verma modules. The issue whether or not these are the only subsingular vectors of the 
Topological and NS algebras is currently under investigation. 


4 Spectrum of R Singular Vectors on Ramond Ground 
States. Subsingular Vectors 


The singular vectors of the NS algebra transform into singular vectors of the R alge¬ 
bra under the action of the spectral flows, and vice-versa 0.0413] , |22| . In particular, 
the NS singular vectors built on chiral or antichiral primaries transform into R singular 
vectors built on the Ramond ground states. As a consequence, we can write down the 
spectrum of U(l) charges corresponding to the R Verma modules built on the R ground 
states which contain singular vectors, simply by applying the spectral flow transforma¬ 
tions to the spectra ( |3.10| ) and (|3.11| ) found in last section. Before doing this let us say 
a few words about the R algebra. 


The R Algebra.— The Periodic N=2 Superconformal algebra is given by ®3), where 
the fermionic generators Gf are integer moded. The zero modes of the fermionic gen¬ 
erators characterize the states as being Gq -closed or Gq -closed, as the anticommutator 
{Go , Gq} = 2 Lq — pj shows. The R ground states are annihilated by both Gq and Gq, 
therefore the conformal weight satisfies A = ^ for them, as a result. 

In order to simplify the analysis that follows it is very convenient to define the U(l) 
charge for the states of the R algebra in the same way as for the states of the NS algebra. 
Namely, the U(l) charge of the states will be denoted by h, instead of h ± whereas 
the relative charge q of a secondary state will be defined as the difference between the 
Wo-eigenvalne of the state and the iV 0 -eigenvaluie of the primary on which it is built. 
Therefore, the relative charges of the R states are defined to be integer, in contrast with 


^unknown until the first version of this paper appeared in hep-th/9602166| (1996) 
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the usual definition. We will denote the R singular vectors as | Xr)i^ + and I Xr)^ > 
where, in addition to the level and the relative charge, we indicate that the vector is 
annihilated by Gd or Gq ■ 


The Spectral Flows. — The “usual” spectral flow |19|, |2(J, is given by the one- 
parameter family of transformations 


UeUM 1 = L m + 6H m + \9H, 


m, 0 1 


Ug H m U.0 l = 


e 

U e GtUe 1 

Ug Gz UZ 1 


l e 


H m + ^9S m, 0 ? 

Gl. 


(4.1) 


T r+9 i 


= G 


r-9 J 


satisfying Ug 1 = U(-g) and giving rise to isomorphic algebras. If we denote by (A, h) 
the (L 0 , Hq) eigenvalues of any given state, then the eigenvalues of the transformed state 
Ug\x) are (A — 9h + |0 2 , h — 1 6). If the state |y) is a level-/ secondary state with relative 
charge q , then one gets straightforwardly that the level of the transformed state Ug\x) 
changes to l — 6q , while the relative charge remains equal. 


There is another spectral flow B 0. mirrored to the previous one, which is the 
untwisting of the Topological algebra automorphism ( |2.4| ) (for general values of 9), given 
by 


■Ag L m Ag 
Ag H m Ag 
Ag G+ Ag 
Ag G~ Ag 


L m + 9H m + 0 j 

G r -g , 


(4.2) 


with Ag 1 = Ag. The (L 0} H 0 ) eigenvalues of the transformed states Ag\x) are now 
(A + 6h + !# 2 , —h — 1 9) (that is, they differ from the previous case by the interchange 
h —» —h). From this one easily deduces that, under the spectral flow Ag , the level l of 
any secondary state changes to l + 9q while the relative charge q reverses its sign. 

For half-integer values of 9 the two spectral flows interpolate between the NS algebra 
and the R algebra. In particular, for 9 = \ the h.w. states of the NS algebra (primaries 
as well as singular vectors) become h.w. states of the R algebra with helicity (—) [i.e. 
annihilated by Gq), while for 9 = — | the h.w. states of the NS algebra become h.w. 
states of the R algebra with helicity (+) [i.e. annihilated by Gd). In addition, U \/2 and 
A- 1/2 map the chiral primaries of the NS algebra [i.e. annihilated by Gd x / 2 ) into the set 
of R ground states, whereas i/ 2 and ^4 i/ 2 map the antichiral primaries [i.e. annihilated 
by Gl 1/2 ) into the set of R ground states. As a result, the spectral flows (|4.1|) and ( |4.2| ) 
transform the NS singular vectors built on chiral and antichiral primaries into R singular 
vectors built on the R ground states. 
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4.1 Spectrum of Singular Vectors 


We showed in section 2 that the NS singular vectors built on chiral primaries are only 
of two types, Ixjvs); 0 ^ and Xv,S’)L ! Jc/ \ and similarly, the NS singular vectors built on 

antichiral primaries come only in two types XA r s)/'°^ and Ixivs),*'!- In fact, | XNs)i°^ Ch 

1 2 

and |xivs)f^ a , on the one hand, and | XNs)lZi Ch and Ix.ns)?^^ on the other hand, are 
mirrored under the interchange H m —H m , G+ <-> G ~, because they are the two 
possible untwistings of the C? 0 -closed topological singular vectors |xr)[°^ G and | Xt)^ G 
respectively. 

From the results just discussed one deduces straightforwardly that the NS singular 

vectors |xjvs)/ 0) “, \xns)^i, Ixivs)/ 0 ^ and Ixns^Zi^ are transformed, by the spectral 

2 2 

flows (fhl| ) and ( |4.2|) , into R singular vectors built on R ground states, in the following 
way: 


A /2 Ixws)i 0)a = Wi /2 | XNs)i° )ch = | Xr)^ (4-3) 

- 4 i /2 |Xjvs);J*i =Gi /2 I Xns )^ 0 * 1 = I Xr)i ^ ( 4 - 4 ) 

W-1/2 |Xivs)!°) a = -4-1/2 Ixns)^' 1 = Ix j r)z° )+ (4.5) 

G-i/2 Ixns)^! = ■4—1/2 = |xr)! 1)+ (4-6) 


with |x/r) ( 0)+ and (xr)^ - on the one hand, and |xr) 4) + and |Xi?)^ _1 ' )_ on the other 
hand, mirrored to each other. Observe that the charged singular vectors built on the R 
ground states come only in two types: Ixr)!^ 4 " and |X-r)z~^ - > he. the sign of the relative 
charge is equal to the sign of the “helicity”. The chiral and antichiral NS Verma modules 
V^s(h) and l/^ s (h) are transformed, in turn, in R Verma modules built on R ground 
states as 


Wi/2 V&(h) - V R {h - f) , W_ 1/2 Vfo(h) - V R (h + |) , 

*4i/2 VZs( h) - Vk(-h - |) , *4—1/2 v&(h) - V R (-h + 1). 

Hence, whereas the spectrum of conformal weights for all the R Verma modules built 
on R ground states is just given by A = ^, the spectrum of U(l) charges for those which 
contain singular vectors is given by: h|.°] + = h^, 0 ] +1 for singular vectors of type | Xi?)z°' >+ ? 
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h[,'J + = h^ 1 ] + | for singular vectors of type \xr)\‘ 


>| 1)+ , h(°]“ = — (h® + §) for singular 
vectors of type |xh)z°' ) and h(y, ri ~ = — (h) 1 ] + |) for singular vectors of type 
Using the expressions for h)°] and h) 1 ] given by (|3.10| ) and (|3.11|) one obtains: 


h£ )+ = h[ |S 1} = ~ ((“ 3 “) r + s “ X ) for \XR)i° )+ and | xr)\ 1} , (4.7) 

h r°i~ = h S + = \ ((~ 3 ~) r + s - X ) for Ixr)S° )_ and |xr)! 1)+ . (4.8) 

We see that h(°] + = = — h|.°] _ = — h) 1 ]" 1 ". Therefore the singular vectors of the 

types | Xr )!° )+ and are together in the same Verma module Vr(Ii) and at the 

same level, and so are the mirrored singular vectors of the types \xR)f r> and |x_r)j 1 ^ + , 
which belong to the mirror Verma module Vr{— h). In other words, the singular vectors 
built on the R ground states come always in sets of two mirrored pairs at the same level. 
Every pair consists of one charged and one uncharged vector, with opposite helicities, 
one pair belonging to the Verma module Vr(I"i) and the mirrored pair belonging to the 
mirror Verma module Vr(— h). 

This family structure is easy to see also taking into account that the action of 
or G o on any R singular vector built on the R ground states produces another singular 
vector with different relative charge and different helicity but with the same level and 
sitting in the same Verma module. This resembles very much the family structure for the 
topological singular vectors built in chiral Verma modules, that we analyzed in section 
2. However, there is a drastic difference here because in the latter case the four members 
of the topological family, i.e. Ixt); 0 '* 0 , I Xt)\°^, and |xt)z _ 1 ^, are completely 

different from each other, while in this case the four members are two by two mirror 
symmetric under the interchange H m <->• —H m , G+ G~. 


4.2 Subsingular Vectors 


Now let us compare the spectra we have found, eqns. o and (ED, with the roots 
of the determinant formula for the R algebra |12|, |14|, specialized to the case A = 41. 
The roots of the determinant formula for the R algebra are given, in ref. |1^|, by the 
vanishing quadratic surface /, p s = 0 and the vanishing plane = 0, where 


fr,s = 2 


c — 3 


(A - —) - h 2 + - 

v 24 ; 4 


c — 3 


r + s 


re Z + , s e TZX 


(4.9) 


and 
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(4.10) 


ffjf = 2A - 2fch + (iA) (F 2 - i) - i FeZ + i. 

For A = -q they result in the following solutions 

< 4 - u > 

and 

"° fk = < 4 - i2 > 

where the superscript BFK indicates that these are U(l) charges in the notation of ref. 

Therefore we have to add (±|) to these expressions to translate them into our 
notation. Namely, 



and 


,BFI< 



L BFK 

r,s 


1 

2 


|(( ¥ ) r + s + !) 
-5 ((Sr) r + s “ 4 

5 ((¥) r + s “ 4 

-i ((***)’■+•+1) 


i BFK 

"k 




(4.13) 


(4.14) 


(4.15) 


h B p K 


c — 3 


k- 1 


(4.16) 


Comparing these expressions with the spectra given by ( |4.7| ) and ( |4.8|) , we see that the 
situation is the same as for the NS algebra for Verma modules built on chiral primaries. 
Namely, half of the zeroes of / r p s = 0, for every pair (r, s), correspond to uncharged 
singular vectors and the other half correspond to charged singular vectors. However, since 
now charged and uncharged singular vectors (with different helicities) share the same 
spectra, this statement is rather ambiguous unless we specify the helicities. Let us make 
the choice that adding | (or — |) to the BFK spectra (|4.11|) and ( |4.12|) one gets the spectra 
corresponding to the helicity + (or —) singular vectors. Then one finds the following 
identifications. The upper solution of + \ corresponds to the charged singular 

vectors at level r ^ +2 - > , whereas the lower solution corresponds to the uncharged 

singular vectors at level The upper solution of | corresponds to 
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the uncharged singular vectors |xr)[° at level (r, while the lower solution corresponds 
to the charged singular vectors | Xr)i at level ,, ^ 2 +2) . The solutions | and 

h k FK — \ correspond to the charged singular vectors |xr)^ + at level k , and 
at level (— k), respectively. 

Therefore, in analogous way as happens for the NS algebra, the zeroes of the vanishing 
plane = 0 give the solutions h.^ 2 + anc l hi-y'' 1 (i.e. ±hj, 2 + ), while half of the zeroes 

of / r p = 0, for every pair (r, s), give the solutions h^]> 2 anc l hr ^>2 (he. ±h^i> 2 )> 
corresponding to the charged singular vectors of types |xr)^ + and | Xr)i ^ • As a 
result, the complete R Verma modules, with A = ^ and h = ±, contain charged 
subsingular vectors of types |x_r)^ + and \xr)\ , respectively. 


5 N=2 Chiral Determinant Formulae 


In sections 3 and 4 we have derived conjectures for the roots of the N=2 chiral de¬ 
terminants, corresponding to chiral topological Verma modules, chiral and antichiral NS 
Verma modules, and R Verma modules built on the R ground states. Using these con¬ 
jectures, together with some computation and some consistency checks, described below, 
we have obtained the following expressions for the N=2 chiral determinant formulae. 

Topological algebra 

The chiral topological Verma modules satisfy A = 0. The chiral topological determi¬ 
nant formula, in terms of the U(l) charges, is given by the expression: 


det(Mf) = cst. 1| (h - (h - h^) 2 ^" 2 ^ re Z + , s e 2Z + , (5.1) 

2<rs<2l 

with the roots h® and h). 1 ], given by eqns. ( b-10| ) mid ( p. 1 1| ) , satisfying h(d = — h(°] — c/3. 
The factors 2 in the exponents show that the topological singular vectors in chiral Verma 
modules come two by two, one charged and one uncharged, at the same level in the same 
Verma module. Namely, the singular vectors of types |xt)[°^ G and | Xt)\ ^ me always 
together, and the same happens with the singular vectors of types | Xt)^ G and |xr)|°^- 

The partitions Pj are defined by 


EPr(N)x N 


1 

1 + x r 


Y, P T (n)x' 


1 tt (1 + ^) 2 _ 

1 _i_ nf r 11 ( 1 ™m\2 

1 T x o<iez, o<mez v x ) 


(5.2) 
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Antiperiodic NS algebra 

The chiral and antichiral NS Verma modules satisfy A = ±h/2, respectively. The 
chiral and antichiral NS determinant formulae are given by a single expression in terms 
of the conformal weights: 


det(M\ 


= det(M f 


a*, n (a-a<2) p "4 ( '- ?> 


-r-r P NS ,(l-k) 

n (A—A<;>) -t 


2<rs<2l 


0<k=^p-<l 


(5.3) 


and by two different expressions in terms of the U(l) charges: 


det(M? s ~ ch ) = cst. n ( h + h S) P ^ (Z n ( h + h S) PJ “^ a k) reZ+, SG2Z+, 

2<rs<2l 


0 <fc=l^ii<Z 


(5.4) 


pNS (]_rs.\ pNS /7_M 

det(M? s ~ a ) = cst. [] (h-hjg) '+i 2 [] (h-h«) r G Z+, s G 2Z+, 

2<rs<2l 


0< k=^-<l 


(5.5) 


where A(°] = — h(.°]/2, A.|)j = — h^]/2, and and h[J] are given by eqns. ( |3.10P and 


([3.11|), like for the Topological algebra. 


The partitions P r NS are defined by 


yP r NS (N)x N 


1 

1 + x r 


y p NS (n)x 


i 

1 + x r 


n 

0<Cfc£Z-t-^, 0 <C?tiGZ 


(1 + x k ) 2 
(1 -x m ) 2 ' 


(5.6) 


Periodic R algebra 

The R. Verma modules built on R ground states satisfy A = 4L. The corresponding 
R determinant formula, in terms of the U(l) charges, is given by the expression: 


det(Adf) = cst. (h — h,(.°j + ) 2Prfl(i ^ (h — h^] + ) 2P ^ a*) re Z + , se 2Z + , (5.7) 

2<rs<2l 

with the roots h(.°] + and h^ + , given by eqns. (fh7|) and (fhSl) , satisfying h|.)] + = — h(.°] + . 
The factors 2 in the exponents show that the R singular vectors built on R ground states 
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come two by two, one charged and one uncharged, at the same level in the same Verma 
module. That is, the singular vectors of types |xr)^ + and | Xr)i ^ 011 the one hand, 
and the singular vectors of types and |xr)|°' ) , on the other hand, are always 

together. The partitions P R coincide exactly with the partitions corresponding to the 
Topological algebra, i.e. P r R = P r T , defined in equation ( |5.2| ). Therefore the exponents 
are identical for the chiral topological determinants (|5.1|) as for the R determinants (|5.7|) . 

This fact is easy to understand taking into account that the deformation of the chiral 
and antichiral NS Verma modules into chiral topological Verma modules, under the twists 
T W 2 ( JOp and T W i ( |2.2| ) respectively, follows the same pattern as the deformation of the 
NS Verma modules into R Verma modules under the spectral flows. In particular, the 
reorganization of states for the corresponding Verma modules, at every level, satisfies 
IT = i R = INS + 1| ? JVS|, 

so that the number of states in the topological Verma modules 
is equal to the number of states in the R Verma modules level by level. 


Consistency Checks 

We have performed consistency checks on the N=2 chiral determinant formulae^]. 
They are based on the fact that, for the NS algebra and for the R algebra, the terms of 
the chiral determinants with highest power of c are the diagonal terms (similar statements 
cannot be made for A or h). 

Let us start with the R algebra, which is the easiest case. A simple exercise shows 
that the power of c in the diagonal of the level l matrix, for Verma modules built on R 
ground states, is given by the coefficients of the generating function 


n 

0<mgZ 


(1 + x m ) 2 v Ax r 

(1 - nr>m\ 2 2-^1 1 

v 1 X / 0<n£Z 1 


X 


2 n 


(5.8) 


These coefficients are to be compared with the highest power of c predicted by the 
determinant formula fl5.7|), that is 


4 E P?(l- r 4), (5.9) 

2<rs<2l Z 


where one takes into account that h(°] + and hy] + contribute with one c each. One obtains 
that the coefficients of the generating function ( |5.8|) can be expressed exactly as (|5.9|) , 
after a rather straightforward manipulation, using the definitions in (|5.2|). 


One finds analogous results, although more laborious, for the NS algebra. The power 
of c in the diagonal of the level l matrix for chiral Verma modules is given by the 
coefficients of the generating function 

II suggested to us by Adrian Kent 
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n 


n d+ 


(1 + x 1 / 2 ) 0<ne z (-*- xU ) 2 o<fcez+i /2 


x 


k \2 


E 

o<zez 


2x l 


x 


+ E 


2x k 


1 — x l 1 — x , 1 + x k 


f<k£Z+l/2 


(5.10) 


These coefficients coincide with the highest power of c predicted by the determinant 


formulae (|5.3|)-(|5.5|), that is 


£ n+?/ 2 («-y)+ £ Pr-yiV-k), ( 5 - 11 ) 

2 <rs<2l 0 <fc= I ^i</,r>l 

where one takes into account that h® contributes with one c each and h[b contributes 
with one c except for r — 1. 

For the Topological algebra there is no need to make an independent consistency 
check. The reason is that, on the one hand, the roots of the chiral topological determi¬ 
nants are equal to the roots of the antichiral NS determinants, as we showed in section 
2 , whereas, on the other hand, the exponents of the topological determinants are equal 
to the exponents of the R determinants, as we just discussed. 


6 Conclusions and Final Remarks 


First , we have analyzed in much detail the relation between the singular vectors of the 
Topological algebra and the singular vectors of the NS algebra, showing the direct relation 
between their corresponding spectra. Then we have deduced, using the family structure of 
the topological singular vectors, that charged and uncharged NS singular vectors in chiral 
NS Verma modules come in pairs, although in different Verma modules, with a precise 
relation between them: V§ h s (h) V$s (—h + c/3) and V$ s (h) Vfi s (—h — c/3) for chiral 
and antichiral NS Verma modules, respectively. This result contrasts drastically the case 
of complete Verma modules, where the charged singular vectors, which correspond to a 
one-parameter family of roots of the NS determinant formula, are much less numerous 
than the uncharged singular vectors, which correspond to a two-parameter family of roots 
of the NS determinant formula. In addition, we have shown that the charged NS singular 
vectors built on chiral primaries have always relative charge q — — 1, while those built 
on antichiral primaries have always relative charge q — 1. These vectors are mirrored 
to each other under the interchange H m —H, m , G+ G~ because they are the two 
possible untwistings of the same topological singular vectors of type | Xt)^ G ■ 
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Second, using the result that charged and uncharged singular vectors in chiral Verma 
modules come in pairs, we have derived a conjecture for the roots of the chiral determinant 
formulae for the Topological algebra and the NS algebra. For this purpose we have also 
made the ansatz that the roots of the chiral determinant formulae coincide with the 
roots of the determinant formulae specialized to the values of (or relations between) the 
conformal weights and U(l) charges which occur in chiral Verma modules (A = 0 for 
chiral topological Verma modules and A = ±h/2 for chiral and antichiral NS Verma 
modules, respectively). Our results imply that both uncharged and charged singular 
vectors, correspond to two-parameter families of roots of the chiral determinant formulae, 
denoted as h£°J eq. ( |3.10|) , and h/) eq. (|3.11| ), respectively, and agree with all known data 
(spectrum of topological and NS singular vectors in chiral Verma modules from level 1/2 
to level 4). 


Our results also imply the existence of subsingular vectors in the complete Verma 
modules. These are the singular vectors which are singular only in the chiral Verma 
modules, becoming non-highest weight null vectors in the complete Verma modules, 
which are not descendants of any singular vectors. We have found that there are charged 
sub singular vectors, at levels in the complete NS Verma modules with A = =|=h/2 for 
h = ±h^ s>2 , which contain uncharged singular vectors at levels ll ' & 2 2 \ Once the chirality 
is imposed, what amounts to “divide” the complete NS Verma modules by the singular 
vectors G^JAjh), with A = — h/2, or G\, 2 \A, h), with A = h/2 , the uncharged 
singular vectors vanish whereas the charged subsingular vectors become singular in the 
chiral Verma modules. Observe the asymmetry of roles between “charged” subsingular 
vectors, which become singular, and “uncharged” singular vectors, which vanish, once 
the chirality is switched on. This asymmetry does not exist in the Topological algebra 
where there are both charged and uncharged subsingular vectors, and both uncharged and 
charged singular vectors which vanish when the chirality is imposed and the subsingular 
vectors become singular. The complete symmetry, in the case of the Topological algebra, 
is reflected in the fact that the topological subsingular vectors are located in complete 
topological Verma modules with A = 0, V(|0, h) G ) and V(|0, h)* 3 ), with h = h|. 1 ] >2 and 
h = h® >2 , respectively. Under the untwistings only the topological h.w. states (primaries 
and singular vectors) which are f^o-closed remain h.w. states of the NS algebra. For this 
reason, the symmetry between charged and uncharged topological subsingular vectors is 
broken in the NS algebra. 


Third , using the spectral flows between the NS algebra and the R algebra we have 
translated all the results which apply to chiral NS Verma modules, into results which ap¬ 
ply to R Verma modules built on Rarnond ground states. In particular we have obtained 
the corresponding conjecture for the roots of the determinant formula corresponding to 
this type of R Verma modules (for which A = c/24). The situation with respect to 
subsingular vectors for the R algebra is analogous to the situation for the NS algebra. 
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Namely, we have found charged subsingular vectors in complete R Verma modules with 
A = c/24 and h = ±h^> 2 , given by eq. flOP - 

Finally , using some computer exploration as well as the conjectures for the corre¬ 
sponding roots, we have written down expressions for the chiral determinant formulae, 
i.e. for the chiral topological Verma modules, for the chiral and antichiral NS Verma 
modules and for the R Verma modules built on the Ramond ground states. We have 
provided consistency checks for these formulae. 

It is already remarkable the fact that the roots of the chiral determinants coincide (as 
far as we can tell) with the roots of the determinants for the specific relations between 
A and h. We have not found any proof for this ansatz. Also remarkable is the fact 
that, in the chiral Verma modules, only half of the zeroes of the quadratic vanishing 
surfaces / r;S = 0, for every pair (r, s), correspond to uncharged singular vectors, while 
the other half of the solutions correspond to charged singular vectors, in contrast with 
the case of complete Verma modules for which all the solutions to f TyS = 0 correspond to 
uncharged singular vectors. Although this remarkable behaviour of the roots of the N=2 
determinants is due to the existence of subsingular vectors, it seems to us that there exists 
a “singular vector conservation law” or “singular vector transmutation” when switching 
on and off chirality on the primary states, with charged and uncharged singular vectors 
replacing each other. 

In the Appendix we have analyzed thoroughly the NS singular (and/or subsingular) 

vectors y.v.s')i°\ Ixns)^' 1 and |xtvs) i -1 '*- We have written down the h.w. equations, with 

2 2 

their solutions, for the cases of the primary states being non-chiral, chiral and antichiral. 
We also have investigated the behavior of the subsingular vectors, and we have attempted 
to shed some light on the issue of the “singular vector transmutation’’. 

As a final remark, we stress the fact that we have discovered subsingular vectors in 
the N=2 Superconformal algebras, their very existence was completely unknown, and we 
have written down examples. Subsingular vectors do not exist in the Virasoro algebra 
neither in the sl(2) algebra. The subsingular vectors that we have found are those which 
become singular in the chiral Verma modules. The issue whether these are the only 
subsingular vectors in the N=2 Superconformal algebras is currently under investigation. 
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Important Note 


This is an extended and improved version of the work presented last year in |hep- 
th/9602166| . Following the suggestions of the referee of Nuclear Physics B: i) we have 


derived conjectures for the whole N=2 chiral determinant formulae, not only for the 
roots, and ii) we have given appropriate emphasis to the importance of the discovery 
of subsingular vectors for the N=2 Superconformal algebras. Between the first version 
and the present version we have published some examples of subsingular vectors for the 
Topological algebra in ref [III]. To our knowledge no other authors have given examples of 


subsingular vectors for the N=2 Superconformal algebras. Recently a paper has appeared 
by A.M. Semikhatov and I.Yu. Tipunin (|hcp-th /970411 1| ) , dealing with N=2 subsingular 
vectors, in which there are many claims for which no proofs are given. Furthermore we 
disagree with several statements. 


Appendix 

In what follows we give a very detailed example of the differences between singular vectors 
in chiral NS Verma modules and singular vectors in complete NS Verrna modules. We 
present the highest weight (h.w.) conditions, with their solutions, which define the 

singular vectors Ixjvs)^, l/t/vs) 3 _ ^ and |xjvs)i°\ for the cases when the primary state 

. 2 . . 2 . 

| A, h) is: i) non-chiral, indicating the results for A = ±h/2, ii) chiral, i.e. which 
satisfy G^MA, h) = 0, A = h/2, and iii) antichiral, i.e. which satisfy Gl-PA, h) = 0, 
A = —h/2. The subsingular vectors are the states which are singular in the chiral or 
antichiral Verma modules, but not in the complete Verma modules. We show that these 
states, which correspond to the roots ±h r , s in (|3.4|), or equivalently ±h r!,s >2 in (PH) , are 
non-h.w. null vectors in the complete Verma modules, not descendants of any singular 
vectors. 

The singular/sub singular vectors 

2 

The general form of the charge q = 1 NS singular vectors at level § is 
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\xns) i ^ — (a'L_ 1 G+ 1 y 2 + (3H_iG\j 2 + 7 G+ 3 / 2 )|A, h ). (A.l) 

The h.w. conditions L m>0 \x) = H m >o\x ) = G\ i|x) = G'h >1 y) = 0 , which determine 

— 2 ' — 2 

the coefficients a, (3, 7 , as well as the conformal weight A and the U(l) charge h of 
the primary state, result as follows. For | A, h) non-chiral one obtains the equations 


a(l + 2A)+/5(l + h) + 2 7 = 0 

a( 1 + h) + /3 ^ + 7 = 0 
o 

(2a + /?)(2A-h)+ 7 (2A-3h + 2^) = 0 

o 

p( 2 A-h)-2 7 = 0 
a(2A-h) + 2 7 = 0 
a + P = 0 . 


(A.2) 


We see that, for A 7 ^ 7 must necessarily be different from zero (if 7 = 0 the whole 

vector vanishes). Hence we can choose 7 = 1 . Solving for the other coefficients one 
obtains the solution, for A 7 ^ ^ 


a = 


2 A - h 


P = 


2A - h 


(A.3) 


with A — = 0. This solution is given by the vanishing plane $ 3/2 = 0, as one 


can check in eq. (3.2) 


For the case A = h the solution is 7 = 0, P — —a and h = It is also given by 


the vanishing plane $ 3/2 = 0. If we now specialize the general solution (|A.3|) to the case 


A = -^ we find 


a = 


6 

c — 3 ’ 


P 


6 

3 — c ’ 


h 


c-3 

6 


(A.4) 


For | A, h) chiral the h.w. conditions only give the equation 7 = 0 . Therefore 
\Xns)^ ch vanishes while Ixjvs)^, for A = ■!), is a singular vector with 7 = 0, P — —a, 
as we have just shown. This is a particular case of the general result that the charged 
singular vectors built on chiral primaries have always relative charge q — — 1 , whereas 
those built on antichiral primaries have always q — 1 . 


For | A, h) antichiral one gets the equations 









0 


a(l - h) + (3(1 + h) + 27 = 

a(l + h) + /? ^ + 7 = 0 

o 

(2a + /3)h + 7(2h - |) = 0 
(3 h + 7 = 0 
a(l - h) + /3 + 7 = 0. 


(A.5) 


Comparing these with equations (|A.2|) , setting A = —we see that here there is one 

equation less and the first four equations coincide. The last equation here and the two 

last equations in (|A.2| ) are different though. These equations correspond to the h.w. 

condition G^xns)^ = 0. As before 7 7^ 0 necessarily, thus we set 7 = 1 . Solving for 
2 2 

the other coefficients and for h one obtains two solutions: 



c-3 

6 

1 


(A. 6 ) 


The solution h = is the solution given by the vanishing plane g 3 / 2 = 0, and therefore 
the only solution for A = —!}, | A, h) non-chiral, as we have shown in eq. (El- it 
corresponds to in eq. ( p.ll| ). The solution h = 1 corresponds to hi j2 in eq. ( |3.4|) , and 
to hj'j in eq. ( |3.11|) , given by the vanishing quadratic surface /i i2 = 0. We see therefore 
that the charged subsingular vector (in the complete Verma module) corresponds to h r . 1 s>2 
whereas the solution h^, given by the vanishing plane, corresponds to a singular vector 
which is also singular in the complete Verma module. 


The singular/subsingular vectors 7 ^ 5 ) 3 1 ' ) 

2 

The general form of the charge q = —1 NS singular vectors at level | is 


|xvs)i — (aT_ 1 G _ 1 ^ 2 + + 7 G_ 3 ^ 2 )|A, h). (A.7) 

Since this case is very similar to the previous one we will consider only the chiral repre¬ 
sentations. The h.w. conditions result in 7 = 0 for | A, h) antichiral (therefore \xns) 3 1 ° 

2 

vanishes), while for |A, h) chiral one gets the equations 


a(l + h) +/3(h - 1 ) + 27 = 0 

«(h-l) + /3 | -7 = 0 
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0 


(2a - (3)h + 7(2h + |) = 

/3 h + 7 = 0 

a(h + 1) — /3 + 7 = 0 , (A. 8 ) 

where, as before, we can set 7 = 1. The other coefficients and the U(l) charge h read 

{ 6 ( 

l~ 3 , h = _\ ■ (A.9) 

These solutions correspond to (—h^) and (—hj 1 ]) respectively. The first solution is 
given by the vanishing plane g- 3/2 = 0, and the second solution, given by the vanishing 
quadratic surface /i j2 = 0, corresponds to a subsingular vector in the complete Verma 
module, as in the previous case. 

We see that Ixats) 3 lA and y/vs) 3 ^ ch are mirrored under the interchange H m 
—H m , G + G r , reflecting the fact that they are the two different untwistings of the 

/1 

same topological singular vectors \xt /2 ; 1 given by 

- PH-iG-iM h (A. 10 ) 

{ c—3 

/ • (A.ll) 

and T W2 (|2T5|) . 

The singular vectors |yws)i°' ) 

The general form of the uncharged NS singular vectors at level 1 is given by 


\Xt) { 2 ^ ~ (G—2 + OlC-iG^-i -f 


with 


“ = < C-3 > 


P = 


6 

3—C 

-1 ’ 


as the reader can verify using the twists Xffii 



|XKS>S 0) = (ai- 1 +/3ff_ 1 + 7 G7 2 G: 1 / 2 )|A,h). (A.12) 

The h.w. conditions result as follows. For |A, h) non-chiral one obtains the equations 


2 a A + f3 h + 7 (2A + h) = 0 
a. h + (3 ^ + y(2A + h) = 0 
a — (3 — y(2A + h) = 0 
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a + p + 7(2A - h + 2) 


0 . 


(A.13) 


As before we can set 7 = 1 and we get 


a = h — 1, /3 = —(2A + 1), 


(A. 14) 


with h 2 — 2A^p — | = 0. This solution corresponds to the quadratic vanishing surface 
/12 = 0 in (|3 . 1|) . It has been given before in refs. [^3J] and 


For A = the solutions are 



(A.15) 


a transforming into a if we commute the term —> G 1 G+ 1 . These solutions 

2 2 2 2 

correspond to (—hi j2 ) and (—hi j2 ) in eqns. (|3.3l) and (13.41) , respectively. 


For A = — h the solutions are 



(A.16) 


These solutions correspond to hi ;2 

For | A, h) chiral we can set 7 
equations 


and hi j2 in eqns. (|3.3Q and (EO), respectively. 


= 0 and the h.w. conditions on |xws) 1 °^ give the 


a + f3 = 0 


a h + /3 - = 0 . 
3 


(A. 17) 


Comparing these with eqns. (|A.13|) for A = we see that the first and fourth equations 

in (|A.13|) coincide now with the first one here, while the third equation in (|A.13|) , which 

corresponds to the h.w. condition Gt|x) = 0, has disappeared, the reason being that 

2 

the complete equation reads (a — j3 — q(2A + h))G^i |A, h) = 0. The solution to these 

2 

equations is (3 — —a, h = | , that is 


IXks) < i 0,c '‘ = (I -1 - ff-i) |A = c/6, h = c/3). 


(A. 18) 
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Therefore, only the solution (—hi j2 ) = |, denoted as (— h®) in eq. (13.101) , remains after 
switching on chirality on the primary state |A, h), whereas the singular vector |xjvs) i°^ 
vanishes for (— h lj2 ) = — 1, as one can check in (|A.15|) . 

For |A, h) antichiral the h.w. conditions on yvs) i°^° give the equations 


a — (3 = 0 


a h + /3 - = 0 . 

o 


(A. 19) 


Comparing these with eqns. ([A. 131) we see that now the last equation in (|A.13| ), which 

corresponds to the h.w. condition G7|x) = 0, has disappeared, the reason being that 

2 

the complete equation reads (a + (3 + y(2A — h + 2))G~i |A, h) = 0. The solution to 

2 

these equations is (3 — a, h = — | , that is 


\XNs) { i )a = (L- 1 + H_ i) |A = c/6, h = -c/3). 


(A.20) 


denoted as h)/ 2 in eq. ( p. 1C| ) , remains after 


Therefore, only the solution hi )2 = — | , denoted as h® 
switching on antichirality on the primary state | A, h), whereas the singular vector |xjvs)i°' ) 
vanishes for hi, 2 = 1 , as one can check in ( |A.16| ). 

Observe that \xNs)^ ch and Iajvs) i°^’ are symmetric under the interchange H m <-► 
—H m , G+ G~ , as expected. This also happens for the singular vectors |xjvs)i 


specialized to the cases A = - and A = — eqns. (|A.15|) and ( |A.16|) (one has to take 


into account that the commutation G_ 1//2 G_ 1 ^ 2 —> G_ 1 / 2 G_ l / 2 produces a global minus 
sign). As a matter of fact, the singular vectors |xvs)i°^ c/l and | Xns) < i ' )<1 are nothing but 
the singular vectors |xjvs)i°^ given by the solutions (|A.15|) and ( |A.16| ) (for h = ±c/3) 
after dropping the term due to the chirality and antichirality conditions on 

I A, h). 


Subsingular vector behaviour 


Now let us see that the charged subsingular vectors at level | behave properly; that is, 
they are not descendant null vectors of the uncharged singular vectors which sit at level 
1 in the complete Verma modules. As a matter of fact, we will see that these charged 
subsingular vectors, which are null, can descend down to the uncharged singular vectors, 
but not the other way around. 


To see this in some detail let us write the uncharged singular vectors at level 1 for 
h = ±1 , A = | , given by eqns. ( |A.16|) and (|A.15|) . For h = 1, A = —| , the 

singular vector is 
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(A.21) 


l?Os)i 0) - G± 1/2 G_ i/2 A - h - 1). 

Its level | secondary with relative charge q = 1 vanishes since 2 |xjvs)i°) = 0 . 
Similarly, for h = — 1, A = — | , the singular vector is 


lx« s )i 0> = g: 1/2 g! 1/2 


l A = ~ 2 ’ h = - 1 ) > 


(A.22) 


and its level § descendant with relative charge q — — 1 vanishes. (It is also straightforward 
to see that the uncharged singular vectors (|A.21|) and ( |A.22| ) vanish when one imposes 
antichirality and chirality on the primary states, respectively, as we said before.) 


On the other hand, the charged singular vectors for h = ±1 , A = =|=^ 
by ( |A.6| ) and ( |A.9| ), are 


given 


l»s)f “ = l 1 —^ i-.Gl 1/2 - + Gt 3/2 ) |A = -i h = 1) (A.23) 


and 


lwvs)i ^ ch — (—— L_iG_ x / 2 + + G _ 3/2 ) |A — —— , h —-1) (A.24) 


If we now switch off antichirality (chirality) on the primary state | A, h), then the h.w. 
condition Gy 2 \xNs) 3 ^° = 0 {Gy 2 \xNs)^^ ch = 0 ) is not satisfied anymore, although 
the vectors are still null, i.e. have zero norm, as the reader can verify. However, these 
vectors cannot be descendant states of the uncharged singular vectors (|A.2 1|) and (|A.22|) , 
as we have just discussed, nor are they descendant states of any level | singular vectors. 


Interesting enough, these level | subsingular vectors do descend to the level 1 un¬ 
charged singular vectors (|A.21|) and (|A.22|) under the action of and G\j 2 , respec¬ 
tively, as is easy to check, but not the other way around. The reason is that the singular 
vectors ( |A.21|) and (|A.22|) do not build complete Verma modules, as is the usual case for 
the singular vectors of the N=2 superconformal algebra. 


Singular vector “transmutation” 

We have seen that the uncharged singular vectors Xjvs')i°\ for h = ±hi, 2 = ±1 , A = — |, 

vanish when one switches on antichirality and chirality, respectively, on | A, h) , while 

the charged subsingular vectors become singular vectors: I^ats) for h = h 1)2 = 1 

2 

and \x.Ns) ( 'G l)ch for h = — hi i2 = —1 . The other way around when one switches off 
2 
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antichirality or chirality on |A, h); that is, the uncharged singular vectors appear and 
the charged singular vectors “dissappear” (they are not singular vectors anymore), for 
the values of h indicated before, as if a mechanism of “singular vector conservation” or 
“transmutation” underlies the process. 

To shed more light on the issue let us analyze the behaviour of the uncharged singular 
vector |yjvs)i°' ) and its level f descendants near the limits h —> ±1, A —> — |. 

Let us start with h near 1. Thus we set h = 1 + e , A = *-|(l + 5) , A and h 
satisfying the quadratic vanishing surface relation, which results in 


c 5 — 2e — e 2 
3 = 6 


The vector |xjvs)i°^ 


is expressed now as 


(A.25) 


Ixa-sT = (ei-1 + 6H-1 + Gi 1/2 G: 1/2 )|A, h>. (A.26) 

Its charge q — 1 descendant at level which we denote as is a null vector which, 

A 2 

in principle, is not h.w. 


I'C>| 1) = G'^ 1/2 lxav< s >i 0) = (ei-,G^ 1/2 + W_rG^ /2 - *G+, /2 )|A, h) . (A.27) 

Now comes a subtle point. In principle we can normalize (T)^ 1 in the same way as 

2 

Tvs) 3 * )a , he. dividing all the coefficients by (—5) so that the coefficient of G+ 3 / 2 is 1, 
resulting in 


|T)| ) = ((-pi-rG^ - ff_iG + 1/2 + G+yjJIA, h), 


(A.28) 


However, these two normalizations are not equivalent when taking the limit (h = 1, A = 
— |) , i.e. (e —> 0, 5 —> 0) . Namely (T)^ vanishes with the first normalization ([A.27] ) 
whereas with the second normalization (|A.28| ) it becomes the h.w. singular vector 
Ixns)^ 0 , since ( — |) turns into (^^), as can be deduced easily from (|A.25|) . 

It seems that the two normalizations distinguish whether the primary state | A, h) 

approaches an antichiral or a non-chiral state as h —> 1, A —> —This is indeed true, 

the reason is that if we normalize (xvs)i°^ in the same way as its descendant (T)^, then 

2 

in the second normalization, i.e. dividing by (—5), it blows up approaching the limit 
(e —> 0, 5 — > 0) unless the term G~^ 1 , 2 GZ 1 i 2 g° es away, exactly what happens if | A, h) 
is antichiral. But the resulting uncharged vector without the term is not 
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a singular vector anymore. The action of G^ x , 2 on this vector results precisely in the 

charged singular vector Ixivs )^ 0 • 

2 

We see therefore that, in the limit (h = 1, A = — |) , the first normalization produces 
the uncharged singular vector at level 1 |xats)i°\ with a vanishing charge q = 1 descen¬ 
dant at level §, whereas the second normalization produces the charge q = 1 singular 

vector at level § |xvs) 3 )a • 

2 

Repeating this analysis for the case h near —1 we find that in the limit (h = —1, A = 
— |) , the first normalization produces the uncharged singular vector at level 1 |xats) i°\ 
with a vanishing charge q — — 1 descendant at level |, whereas the second normalization 
produces the charge q = — 1 singular vector at level | |xjvs) iT 1 ^ • 
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